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Abstract—In this letter, we present an efficient image denoising
method combining quadtree-based nonlocal means (NLM) and
locally adaptive principal component analysis. It exploits nonlocal
multiscale self-similarity better, by creating sub-patches of different sizes using quadtree decomposition on each patch. To achieve
spatially uniform denoising, we propose a local noise variance
estimator combined with denoiser based on locally adaptive principal component analysis. Experimental results demonstrate that
our proposed method achieves very competitive denoising performance compared with state-of-the-art denoising methods, even
obtaining better visual perception at high noise levels.
Index Terms—Image denoising, nonlocal means (NLM),
principal component analysis, quadtree decomposition.

I. I NTRODUCTION

A

S a fundamental image restoration problem, denoising
has been widely studied during the past decades. The
main challenge in image denoising is to suppress noise efficiently while preserving significant image details, such as edges
and textures. To this end, diverse denoising methods have been
proposed. Early smoothing methods, such as Gaussian filter
[1], anisotropic filter [2], total variation [3], and bilateral filter [4], perform noise removal solely based on the information
provided in a local neighborhood, which results in disturbing
artifacts around edges. Later, transform-domain-based denoising methods were proposed successively [5]–[10]. The main
idea in these methods is to separate signal and noise in a transformed domain (e.g., the wavelet domain). Noise in this transformed domain is removed by shrinking low-valued coefficients
corresponding to noise and leaving large coefficients intact.
Better techniques also exploit the spatial redundancy in a local
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neighborhood, but even so their local nature still limits their
denoising performance.
Recently, Buades et al. [11], [12] proposed the nonlocal
means (NLM) denoising method, which employs a different
philosophy from the local denoising methods. Basically, this
method estimates a noise-free pixel as a weighted average
of all pixels in the image, where the weights are determined
based on the similarity between the local neighborhood of the
pixel being estimated and the local neighborhoods of other
pixels. NLM exploits the fact that images typically contain a
large number of similar neighborhoods, which can contribute to
denoising. Subsequently, many methods were proposed either
to accelerate NLM [13]–[16] or to improve its denoising performance [17]–[21]. Furthermore, some methods combine the
nonlocal principle with other techniques, resulting in stateof-the-art denoising performance, such as block-matching and
3D filtering (BM3D) [22], learned simultaneous sparse coding
(LSSC) [23], and nonlocally centralized sparse representation
(NCSR) [24].
Since these nonlocal denoising methods exploit the image
nonlocal self-similarity, their performance is determined by the
ability to reliably find sufficiently many similar patches. The
patches used in these methods usually have fixed shape and
size, which limits the number of suitable candidate patches.
In addition, these methods also suffer from an unavoidable
trade-off between patch size and the number of potential similar patches. On the one hand, large patches are more robust
to noise and are able to produce few artifacts, thereby resulting in smooth denoising results. On the other hand, however, an
increase in patch size gives rise to decrease in number of candidate patches, which leads to degraded denoising performance,
especially for the texture regions.
Until now, some efforts have been made to solve these problems. In [25], the optimal neighborhood for each pixel was
chosen during the iteration procedure to balance the accuracy
of approximation and the stochastic error. In [26], the noisy
image was classified into several region types, according to
which the patch size was then adaptively adjusted to match the
local property. Analogously in [27], the adaptive patch size and
bandwidth were selected pixel-wisely, depending on the corresponding feature metric and the property of the class that each
pixel belongs to. In addition to adaptively selecting patch sizes,
some methods try to handle variable patch shapes. In [28]–
[30], shape-adaptive neighborhoods instead of common square
patches were defined based on the anisotropic local polynomial
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Fig. 1. (a) Overview of our proposed image denoising method. (b) Illustration of the quadtree-based NLM strategy.

approximation—intersection of confidence intervals technique.
In [31], the adaptive binary shape for each patch was estimated
by thresholding the difference between the central pixel and
other patch pixels. In [32], a series of shapes were predefined
rather than estimating them. For low noise levels, these methods perform well and achieve excellent denoising results. For
high noise levels, however, their performance drops due to the
inability of these methods to estimate patch size or shape correctly in the presence of strong noise, which results in amount
of artifacts.
In this letter, we address these issues and propose an efficient
image denoising method, which makes a full exploitation of
nonlocal self-similarity and local correlation in the image. As
shown in Fig. 1(a), we first employ the quadtree decomposition
on each patch to obtain subpatches of various sizes. In this case,
we can exploit the redundancy among subpatches when large
patches have few redundancies. Therefore, it is not necessary to
adaptively choose the best size for each patch, and there is also
no longer conflict between patch size and patch redundancy. By
using this decomposition, the quadtree-based NLM strategy is
proposed to remove the noise in the patches. Then, we estimate
the remaining local noise variance and apply the locally adaptive principal component analysis to remove the residual noise
further.
The remainder of this letter is structured as follows. We
describe the proposed denoising method in detail in Section II.
We present and analyze the comparative experimental results in
Section III. Finally, Section IV concludes this letter.
II. P ROPOSED D ENOISING M ETHOD
A. Quadtree-Based NLM
Given a noise-free image u defined on a discrete grid I, the
noisy observation of u at pixel i ∈ I is defined as v(i) = u(i) +
n(i), where n(i) is the noise perturbation at pixel i. In this letter,
we consider the noise to be zero-mean white Gaussian noise.
In nonlocal denoising methods, the image is often processed
using overlapping patches, which are defined as the local neighborhoods with square shape and fixed size. Let Ni denote the
patch beginning at pixel i and its noisy observation is defined
as v(Ni ) = {v(j)|j ∈ Ni }.
First, we compute a simple quadtree decomposition of all
patches in the image to obtain differently sized sub-patches.
In the decomposition, a fixed number of levels L is chosen,
corresponding to L different sub-patch sizes. A patch of size
√
√
np × np is decomposed along the quadtree to sub-patches
√

of size

np
2l

×

√

np
, where l
2l

= 0, . . . , L − 1 denotes the level in

the quadtree. At level l, there exists 4l sub-patches in different
l
. In this
positions, and we denote their indices as p = 1, . . . , 4
L−1
case, each patch in the image can be represented with l=0 4l
sub-patches. Let Ni,l,p denote the sub-patch of the patch Ni
at level l with index p, and its noisy observation is defined
as v(Ni,l,p ) = {v(j)|j ∈ Ni,l,p }. Theoretically, patches can be
decomposed to very small sub-patches, even with only one
pixel. However, the smaller sub-patches, the more sensitive to
noise they will be. Therefore, an appropriate L should be determined according to the patch size and the noise variance in the
image.
Then, for a patch Ni , the noise-free versions of its subpatches at all levels and indices are estimated, respectively. For
the sub-patch Ni,l,p , the estimated value of its noise-free version usub (Ni,l,p ) is calculated as the weighted average of all
noisy observations of sub-patches with the same level l and
index p in the image

usub (Ni,l,p ) =
w(i, j, l, p)v(Nj,l,p )
(1)
j∈I

where v(Nj,l,p ) is the noisy observation of the sub-patch Nj,l,p ,
and w(i, j, l, p) is the weight between the noisy observations
of sub-patch Ni,l,p and sub-patch Nj,l,p , depending on their
similarity measure.
In NLM, the weighting function still assigns nonzero weights
to dissimilar sub-patches. Even though these false weights are
quite small, the final estimates can be severely biased due to
many small contributions. Therefore, in order to reduce the bias,
we employ the modified bisquare weighting function to achieve
faster decay, thereby leading to better similarity measure. The
modified bisquare weighting function is defined as

(1 − ( hr )2 )8 , r ≤ h
g(r) =
(2)
0,
r>h
where the parameter h acts as a degree of filtering. So, the
weight between the noisy observations of sub-patch Ni,l,p and
sub-patch Nj,l,p is calculated as
w(i, j, l, p) = g(||v(Ni,l,p ) − v(Nj,l,p )||2 )

(3)

where ||·||2 denotes the l2 -norm.
Finally, by fusing the estimated noise-free sub-patches at all
levels and indices, the estimated value of the noise-free patch
Ni at pixel k uest (Ni , k) is calculated as follows:

(l,p)∈Ωi,k usub (Ni,l,p , k)

(4)
uest (Ni , k) = 
j∈I
(l,p)∈Ωi,k w(i, j, l, p)
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where Ωi,k = {(l, p)|k ∈ Ni,l,p } and usub (Ni,l,p , k) denotes
the estimated value of noise-free sub-patch Nj,l,p at pixel k.
An example of the quadtree-based NLM strategy is provided
in Fig. 1(b), where we show a reference patch and some subpatches with different sizes that are similar to reference one or
parts of it. As can be seen, not only does this strategy exploit
the redundancies of patches themselves, but it is also capable of
handling their local redundancies. Therefore, for patches that
have few similar neighborhoods, more similar sub-patches may
be found to contribute to denoising, thereby leading to better denoising results. Even for patches that have some similar
neighborhoods, exploiting their local redundancies offers additional opportunity to improve the denoising performance. More
importantly, using the improved weighting function with faster
decay keeps the noise in the patches that present few redundancies, which avoids over-smoothing and preserves the image
details.

Despite being able to exploit the local redundancies of
patches, the quadtree-based NLM strategy is still incapable
of suppressing noise of sub-patches for which few similar
patches exist. As a remedy, we apply locally adaptive principal
component analysis.
After quadtree-based NLM denoising, the denoised patches
contain spatially varying noise. Therefore, we first calculate the
spatially varying noise variance in each patch. Based on (1) and
(4), the final estimate of noise-free patch Ni at pixel k can be
represented as


j∈I
(l,p)∈Ωi,k w(i, j, l, p)v(Nj , kj )


(5)
uest (Ni , k) =
j∈I
(l,p)∈Ωi,k w(i, j, l, p)
where v(Nj , kj ) denotes the noisy observation of the patch Nj
at pixel kj . The position of pixel kj in the patch Nj is the same
as that of pixel k in the patch Ni . So, based on (5), the noise
variance is calculated as follows:
2
= Var[uest (Ni , k)]
σi,k


2
j∈I (
(l,p)∈Ωi,k w(i, j, l, p)) V ar[v(Nj , kj )]


=
( j∈I (l,p)∈Ωi,k w(i, j, l, p))2


σ 2 j∈I ( (l,p)∈Ωi,k w(i, j, l, p))2


=
(6)
( j∈I (l,p)∈Ωi,k w(i, j, l, p))2

where σ 2 is the noise variance of the noisy image. In order
to maximize the further denoising of the patches that have
been processed by quadtree-based NLM, we define the noise
variance of the denoised patch Ni as follows:
(7)

Then, we partition the image into blocks. For a block B,
the local covariance matrix of noisy patches belonging to it is
calculated as follows:
1 
(v(Ni ) − μB )(v(Ni ) − μB )T
(8)
CB =
|ΩB |
i∈ΩB

where ΩB = {i|Ni ∈ B}, and with
μB =

1 
v(Ni ).
|ΩB |

(9)

i∈ΩB

Since the covariance matrix CB is symmetrical, it can be
written as
CB = UB ΛB UBT

B. Locally Adaptive Principal Component Analysis

2
σi2 = max{σi,k
|k ∈ Ni }.

Fig. 2. From left to right: original image, noisy image (σ = 20), denoised
image using quadtree-based NLM (PSNR = 30.71 dB; SSIM = 0.856), and
denoised image using quadtree-based NLM with locally adaptive principal
component analysis (PSNR = 31.48 dB; SSIM = 0.884).

(10)

where UB is the orthonormal eigenvector matrix and ΛB is
the diagonal eigenvalue matrix. Therefore, the local covariance
matrix of the noise-free patches belonging to block B can be
estimated as follows:

= UB ΛB UBT
CB

(11)

where ΛB = max[0, ΛB − σ 2 I].
Finally, by using the linear minimum mean-square-error
estimator, the estimated value uﬁnal (Ni ), for the patch Ni
belonging to block B, is calculated as
uﬁnal (Ni ) = UB

ΛB
U T uest (Ni ).
ΛB + σi2 I B

(12)

After all patches are estimated based on locally adaptive
principal component analysis, they are aggregated together to
obtain the finally denoised image. Moreover, to achieve further
denoising performance, we implement the proposed denoising
method iteratively. In every iteration, the noise variance σ 2 of
the image is estimated again. Since every iteration reduces the
average noise variance, better weight estimates can be obtained,
thereby improving the overall denoising performance.
C. Computational Complexity Analysis
√
√
For the image of size N × N , the computational complexity of quadtree-based NLM is O(np N 2 L), which is quite
high. Therefore, in our practical implementation, we restrict
√ the
w×
search
of
similar
sub-patches
in
a
limited
window
of
size
√
w, which reduces the complexity to O(np wN L). Moreover,
as in [18], we calculate the weights by using the moving average filter together with weight symmetry, further bringing the
complexity down to O(wN L). In locally adaptive principal
√
√
component analysis, for the block of size nb × nb , the computational complexity is O(n3p m + n2p nb m), where m denotes
the number of blocks in the image. Besides, since we implement the proposed denoising method iteratively, the whole
computational time will be linear in the number of iterations.
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TABLE I
PSNR AND SSIM R ESULTS BY D IFFERENT D ENOISING M ETHODS

III. E XPERIMENTS AND R ESULTS
In this section, we first evaluate the denoising performance
of quadtree-based NLM and locally adaptive principal component analysis. The results are generated using a patch size of
16 × 16, a decomposition levels of 3, and a search window of
15 × 15. The parameter h in the modified bisquare weighting
function is selected experimentally as: h = 2.1σ. The size of
partitioned blocks is 8 × 8. To evaluate the quality of denoised
images, the peak signal-to-noise ratio (PSNR) and the structural
similarity index (SSIM) [33] are calculated.
As shown in Fig. 2, quadtree-based NLM strategy removes
most of the noise, except in regions with few redundancies.
By combining with locally adaptive principal component analysis, the remaining noise in these regions is removed effectively
while the image details are preserved well.
Then, we compare our proposed method with three state-ofthe-art denoising methods: NLM [12], shape-adaptive patchesbased NLM (NLM-SAP) [32], and shape-adaptive PCA-based
BM3D (BM3D-SAPCA) [30]. In the experiment, a set of
seven natural images commonly used in the literature of image
denoising are used for the comparison, and their noisy versions are simulated by adding independent white Gaussian
noise with varying noise levels. For low noise levels (σ =
5, 10, 20), we implement the proposed method with three iterations, while 12 iterations are used for high noise levels (σ =
50, 100). The results of other three methods are obtained by
using the codes available online with the recommended parameters.
The results of the experiment are shown in Table I, where
the best results among the four methods are highlighted. In
each cell, the results of the four denoising methods are presented in the following order: top left—NLM [12]; top right—
NLM-SAP [32]; bottom left—BM3D-SAPCA [30]; bottom
right—our proposed denoising method. It can be seen that
our proposed method invariably outperforms NLM and NLMSAP, and achieves highly competitive denoising performance
compared with BM3D-SAPCA. In term of SSIM results, our
proposed method is slightly lower than BM3D-SAPCA. More
importantly, at high noise level, our proposed method performs
better than BM3D-SAPCA and always obtains the best SSIM

Fig. 3. Denoising performance comparison on the Barbara image with
strong noise corruption. From left to right and top to bottom: original image,
noisy image (σ = 100), denoised images by NLM [12] (PSNR = 22.14 dB;
SSIM = 0.510), NLM-SAP [32] (PSNR = 22.02 dB; SSIM = 0.608), BM3DSAPCA [30] (PSNR = 23.22 dB; SSIM = 0.600), and our proposed method
(PSNR = 23.17 dB; SSIM = 0.612).

results. In term of average results, our proposed method also
achieves the best denoising performance at high noise level.
In Fig. 3, we show the denoising results on the Barbara
image with strong noise corruption. It can be seen that our
proposed method is very effective in noise removal and edge
preservation. Amount of noise still remains in the denoised
image by NLM, while NLM-SAP and BM3D-SAPCA tend
to generate many visual artifacts. By contrast, our proposed
method performs much better, which preserves the image
details well and generates much less artifacts than other three
methods, thereby achieving more pleasant visual effects.
IV. C ONCLUSION
In this letter, we have presented an efficient image denoising
method. By using quadtree-based NLM strategy, the nonlocal multiscale self-similarity is exploited better to remove the
noise in the image. Then, by tracking the remaining local
noise variance, the locally adaptive principal component analysis is applied to further remove the residual noise. Experimental
results show that the performance of our proposed method is
quite competitive with state-of-the-art denoising methods, even
much better at high noise levels.
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