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Abstract— This paper presents a characterization of an underwater positioning system based on surface nodes equipped with
GPS and acoustic transducers. The positioning system calculates
the coordinates of an underwater vehicle in one of the surface
nodes or beacons, by the emission, detection, and reply of
acoustic encoded signals. The characterization of the system
has been performed by means of a statistical study, considering
different numbers of beacons, beacons’ position and physical
phenomena, such as noise, multipath, and Doppler spread.
The error propagation caused by these phenomena and the
geometrical configuration of the system has been quantitatively
assessed in different positioning algorithms, based on trilateration
and iterative procedures. The results show how the different
phenomena affect the vehicle estimated position errors for the
different positioning algorithms. In addition, the obtained errors
inside the projected area of the beacons are ∼1 m or lower,
rising to a few meters for the worst case scenario, showing the
feasibility of the acoustic positioning system.
Index Terms— Positioning systems, spread spectrum techniques, system characterization, underwater acoustics.

I. I NTRODUCTION
HE precise location of underwater nodes remains an
active research topic in the underwater community.
To obtain the position of a submerged node is crucial in
different applications, such as underwater sensor networks,
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where the recorded data must be attached to a specific location,
and the navigation of autonomous underwater vehicles (AUVs)
and remotely operated vehicles (ROVs).
Whereas obtaining the location of a vehicle at the sea
surface can be achieved by means of the GPS [1], this
technology cannot be used underwater due to the high attenuation of the electromagnetic waves in this medium. Close
to the sea bottom, localization can be achieved by using
different alternatives, such as Doppler velocity log (DVL) or
simultaneous localization and mapping [2], [3]. Apart from
deploying artificial landmarks, these systems usually do not
need any external sensors in the environment to operate, what
makes them more convenient than other systems that need
certain infrastructure deployed in the ocean. On the other hand,
the vehicle needs to be close to the bottom to locate itself, and
this imposes an important restriction.
This way, localization in the middle of the water column
remains a challenging issue. A common approach is to use
dead-reckoning systems to navigate below the sea surface,
using a DVL as an acoustic Doppler current profiler or
other inertial navigation sensors (INSs) to obtain the vehicle
speed [4]. These systems can easily obtain their measures in
the environment, but their errors are unbounded, unless some
corrections are performed regularly [5].
Acoustic positioning systems are a practical solution to
obtain the location in the middle of the water column, being an
important part of most underwater navigation systems. They
are traditionally classified in long baseline (LBL), short baseline (SBL), and ultra-SBL (USBL), depending on the distance
between the different acoustic beacons. In LBL systems, the
acoustic beacons are commonly separated between several
hundred meters and a few kilometers. They measure the timesof-flight (TOFs) between the beacons and the submerged vehicle by means of sharing a common clock or by time stamps
using underwater acoustic modems [6], [7]; alternatively, they
can measure the time difference of arrival (TDoA) from the
different beacons in the nonsynchronized systems [8]. This
last scheme is also known as silent positioning, since the
node to be located does not need to send any acoustic signal
through the underwater channel, which allows to save energy
in the vehicle. However, the location of the vehicle remains
unknown for the crew. LBL systems provide good accuracy,
but their deployment is costly, since the beacons need an
absolute position, which was commonly obtained by anchoring
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the beacons to the sea bottom, and a calibration stage [9].
A more recent alternative to this configuration is the use of
buoys equipped with GPS and acoustic transducers, which
allows an easier deployment of the positioning system [10].
With regard to SBL and USBL systems, the distance between
the acoustic beacons in SBL is usually around tens of meters,
whereas in USBL systems is around tens of centimeters [11].
These systems are easy to mount, since they can be placed
in the hull of a ship or in the vehicle [12], but the ship and
the vehicle need to be close to avoid geometric configuration
problems related to the dilution of precision (DOP), so they
are not suited for long-range missions [13]. In addition, they
need external sensors, such as a vertical reference unit and a
heading reference unit to obtain the absolute position.
Each technique has its own problems and benefits, so a
common approach nowadays is to use the sensor fusion of
different technologies in the same system [14], [15]. As they
take an advantage of different localization techniques, these
systems are more robust and offer a higher applicability.
On the other hand, they are also usually more expensive and
complex, as they consist of more sensors and navigation filters.
Using this approach, in underwater environments, the vehicle
usually rely on dead reckoning to navigate, and the errors in
the estimated position are minimized by means of a positioning
fix that can be obtained either by:1) making the vehicle surface
periodically [16]; 2) using an acoustic positioning system [4];
and 3) combining different sensors [3].
Although there are several alternatives available for underwater acoustic positioning systems, the study of the performance of such systems under different realistic conditions
in the underwater environments is not commonly conducted.
The evaluation of how different phenomena would affect the
system could provide valuable information about the system
performance prior to its deployment, what could save time
and reduce costs. Whereas performing intensive field trials
can be unfeasible to assess the performance under different
environmental conditions, statistical studies using the synthetic
signals allow such conditions to be adjusted for the expected
values at the mission location, so these studies can provide
insight to the expected performance.
This way, in the last years, this kind of studies has been
gaining more attention. The influence of the initial position
error of each vehicle, node drift, and Gaussian errors in
the INS sensors and acoustic ranges is considered in [17].
Gaussian errors in range estimations and heading measurements are considered in [18]. In the LBL system described
in [19], the errors in the transducers position, TOF, and sound
speed measurements are considered.
However, when studying the errors in range measurements,
none of the previous systems considered the use of the directsequence spread spectrum techniques (DSSSs). In the rangebased positioning systems, pseudorandom noise signals can be
used to obtain a good estimation of the TOF between the different nodes. Robustness against noise is also achieved, as well
as some multipath resilience and multiuser capabilities [20].
In addition, it has been shown that the DSSS techniques
provide better performance in the range-based positioning
systems than the classical approaches using tone or chirp
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signals [21], [22]. There are a few works that consider errors
using DSSS techniques, and they mainly focus on the signal
detection in environments with Gaussian noise. In [23], the
influence of Gaussian noise on the detection of Barker codes
to calculate the TOF was considered for a USBL system;
Watanabe et al. [24] evaluated the effect of Gaussian noise
and multipath in the performance of two different algorithms
that try to find the direction of arrival of 255-b m-sequences
in a USBL system.
The main objective of this paper is the characterization
of the performance of an underwater acoustic positioning
system using DSSS signals by means of a statistical study.
Different positioning algorithms have been evaluated. This
paper considers the effect of the geometrical distribution of
nodes, as well as the effect of underwater channel phenomena
in the TOF estimation using DSSS signals. The positioning
system that has been considered consists of different beacons
equipped with GPS and acoustic transducers, which is a more
versatile alternative than the traditional LBL systems. An
underwater vehicle with unknown location equipped with an
acoustic transducer is moving in the vicinity of the beacons. In
this paper, the location of the underwater vehicle is calculated
in one of the beacons (master node), which would typically
be the ship where the crew is.
The rest of this paper is organized as follows. In Section II,
the underwater positioning system considered for this paper
is described, whereas in Section III, a brief description of
the evaluated positioning algorithms is presented. Section IV
shows how the different parameters that affect the estimation
of the underwater vehicle position have been considered.
In Section V, the results from the characterization of the
positioning system are shown. Finally, Section VI summarizes
the main conclusions and discusses future work.
II. D ESCRIPTION OF THE U NDERWATER
ACOUSTIC P OSITIONING S YSTEM
The objective of the acoustic positioning system used in this
paper is to obtain the coordinates of an underwater vehicle in
the master node, placed on the sea surface, so the crew can
know where the vehicle is. The positioning system consists
of different beacons, where a minimum of three is needed for
3-D localization, including the master node. These beacons
are equipped with GPS receivers, acoustic transducers, and a
radio frequency link to communicate with each other. In the
following, a ship will be considered the master node by
convenience, as its presence is needed when working with
underwater vehicles, such as ROV or AUV, for the deployment
and retrieval purposes. The rest of the beacons could be buoys
or small autonomous surface vehicles (ASVs) deployed in the
sea surface by the ship, and they will be referred in the text
as beacons. These beacons need the required sensors and a
small processing unit, such as an Field Programmable Gate
Array or microprocessor, to compute the TOF and handle the
radio frequency communication protocol with the ship. The
underwater vehicle only needs an acoustic transducer, acting
both as an emitter and receiver, and a pressure sensor to obtain
its depth. The computation of the position is performed in the
ship, which has previously gathered all the information from
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Fig. 2.

Fig. 1.

Positioning system based on GPS and acoustic signals.

the measurements performed by the different beacons. Fig. 1
shows an outlook of the positioning system, where a ship is
accompanied by two buoys in red color, and an AUV in yellow
color. The signals sent by these elements are represented in
their corresponding colors.
A. Measurement Process
This section describes the measurement process to obtain
the location of the underwater vehicle by means of the
acoustic positioning system. First, the GPS system provides
the positions of the ship and beacons, as well as a common
clock for all of them by means of the pulse per second (PPS)
technology, included in the GPS receivers. That way, the
ship and the beacons can be considered synchronized. The
measurement process is initiated by the ship, which emits
an acoustic signal [Fig. 1 (black color)]. This signal is a
predetermined Kasami code modulated in binary phase-shift
keying (BPSK), to adapt the baseband code to the transducer
frequency response. Kasami codes are not limited in length as
Barker codes, and they also have better aperiodic correlation
properties than other commonly employed sequences, such as
m-sequences or Gold codes [25]. The starting time for this
emission is known by the beacons because of the common
clock they share, by programming an emission at a known
specified interval related to the PPS signal.
After some time, the signal emitted from the ship will arrive
at the underwater vehicle. The vehicle is continuously analyzing the captured acoustic signal, and uses a filter matched
to the ship code in order to detect its emission. When this
detection is performed, it replies with its own modulated
Kasami code [Fig. 1 (yellow color)]. It should be noted that
every node that emits to the underwater channel should use
a different Kasami code, so each node could be properly
identified.
When the underwater vehicle replies with its code, it also
sends the information of its depth, measured by a pressure
sensor, using a certain communication protocol. One option
for this communication protocol could be a BPSK modulated

3

Measurement process of the underwater positioning system.

binary data packet sent next to the Kasami code. That way,
the same acoustic emission could be used to send all the
information. In this case, an equalization process is required
at the ship and the beacons to compensate for the channel
effects in order to demodulate the data packet. Knowing the
underwater vehicle depth, only the coordinates in a horizontal
plane parallel to the sea surface need to be calculated, avoiding
the usually high errors obtained in the depth coordinate due
to the vertical DOP (VDOP) [26].
The signal from the underwater vehicle will eventually reach
the ship and the beacons. When they detect the vehicle code,
each of them calculates the TOF since the emission of the
ship’s code until the detection at its own receiver. In the
case of the ship, the calculated time would be a round-trip
TOF (t1,AUV), whereas for the beacons, this TOF implies
the path ship—underwater vehicle—beacon, so the computed
time at this stage will be a pseudo-TOF (ti,AUV ). After they
calculate this pseudo-TOF, they send this information to the
master node by the radio frequency link, along with their
measured GPS position [Fig. 1 (red color)].
The timing of this measurement process is shown in Fig. 2,
where three beacons and an underwater vehicle are considered,
being beacon 1 the ship. The emitted and received signals are
represented with continuous and dashed blocks, respectively,
using the same color code than in Fig. 1, but with a lighter
tonality for the received signals. The pseudo-TOF extending
from the ship’s emission (Code1 ) to the reception of the code
emitted from the underwater vehicle (CodeAUV ) by beacon i
has been denoted by ti,AUV with i = 1, 2, 3. In addition,
the processing time t p between the detection of Code1 at the
underwater vehicle and the emission of its own code CodeAUV
has also been represented.
Knowing these times ti,AUV and t p , and the code duration tcode , the distances between the beacons and the underwater vehicle can now be calculated. For the ship (i = 1), this
distance is obtained by a round-trip configuration
t1,AUV − t p − 2 ∗ tcode
∗ c(z)
(1)
2
where c(z) is one value of the sound speed, measured by
the ship at a particular depth z, close to its acoustic transducer. The code duration tcode must be subtracted two times,
because in this scheme, there are two correlation processes
d1,AUV =
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involved: one at the underwater vehicle and the other at
the ship. For the beacons, the distances are obtained by
di,AUV = (ti,AUV − t p − 2 ∗ tcode ) ∗ c(z) − d1,AUV

(2)

where in this case, i = 2, 3, and the same consideration about
subtracting tcode is valid. When the ship (beacon 1) calculates
the distance d1,AUV by detecting the vehicle’s Kasami code,
and upon receiving the radio frequency links from the other
beacons containing the pseudo-TOF ti,AUV and their GPS
positions, all the needed information is gathered. Then, a
positioning algorithm can be run in the ship to calculate the
location of the underwater vehicle.
The following considerations must be taken into account.
1) In this paper, only one underwater vehicle is considered.
2) The code duration tcode is the same for all nodes, for
simplicity. This fact implies that both Kasami codes have
the same length and also that they are transmitted at
the same frequency. Nevertheless, different code lengths
could also be used in the positioning system, changing
the term 2 · tcode in (1) and (2) by the sum of these code
durations.
3) Only the beacons are synchronized by means of the PPS.
The underwater vehicle does not need any synchronization with the system.
4) The absolute distance between each pair of nodes is
obtained by this measurement process. This approach is
different than the one followed by the TDoA schemes,
where there is no information about the absolute distances between the nodes, and the relative distances are
used in the localization algorithm.
5) Although the beacons need to send some information to
the ship, such as the measured pseudo-TOF and their
GPS positions, using a radio frequency link above the
surface will not cause a communication overload in the
underwater channel.
6) All the communication protocols are assumed to be
successful.
7) The processing time t p is considered to be known
by a characterization process of the underwater node
hardware by laboratory tests.
8) The beacons and the ship measure the same value of
the sound speed. A strong variation of sound speed with
range at distances smaller than 10 km is not common,
with exceptions in river mouths and some other particular locations [27], and this distance is greater than the
ones considered in this paper.
9) In this paper, only the errors in the acoustic positioning
system are considered. In a real mission, the underwater
vehicle should carry in addition at least an INS to
estimate its position in case of losing the acoustic signals
from the ship. However, as the errors of an INS are
different than those suffered by the acoustic positioning
system, they have not been included in this paper.
III. B RIEF D ESCRIPTION OF THE C ONSIDERED
P OSITIONING A LGORITHMS
In this section, a brief description of the positioning algorithms that have been considered in this paper is undertaken.

Five positioning algorithms have been analyzed
in order to test their performance under different
conditions. These positioning algorithms are: algebraic
spherical
trilateration,
Cayley-Menger
determinants,
Multidimensional Scaling (MDS), Gauss-Newton and
Levenberg-Marquardt (LMA). The first three algorithms are
based on trilateration techniques, whereas the last two are
based on iterative methods. Although most of these algorithms
are well known in the airborne positioning systems, the use of
some of them in underwater applications, such as the Cayley–
Menger determinants or the MDS algorithm, is still scarce.
Next, a brief description of these algorithms will be given.
Spherical trilateration is one of the most common algorithms
employed in the underwater positioning systems [19], [28].
By this algorithm, the unknown position of some node is calculated measuring the distances between n beacons with positions (x i , yi , z i ) and the node to locate, with position (x, y, z).
To solve this problem, n spheres must be considered, where
the centers of these spheres are the beacons position, and
the radius ri is the distance between each beacon i and the
underwater vehicle, following (3). This system of n equations
can be solved considering at least three beacons, including
the ship
ri2 = (x − x i )2 + (y − yi )2 + (z − z i )2 .

(3)

There are several approaches to implement a spherical
trilateration algorithm. In this paper, linearization combining
beacons has been used, along with the singular value decomposition (SVD) method. This approach solves the localization
problem in a matrix fashion, independently of the number of
beacons. The knowledge of the depth coordinate is used to
calculate the known data matrix used in the SVD method,
leaving only the x- and y-coordinates in the matrix of
unknowns to be estimated.
The algorithm based on the Cayley–Menger determinants obtains the position of the node using the
geometrical properties of these determinants [29], [30].
Considering two sequences of points [p1 , . . . , pn ] and
[q1 , . . . , qn ], the bideterminant of Cayley–Menger can be
expressed as D(p1 , . . . , pn ; q1 , . . . , qn ), and its value is
calculated using
D(p1 , . . . , pn ; q1 , . . . , qn )

0
1

 n  1 D(p1 , q1 )
−1

=2
·  1 D(p2 , q1 )
 ..
2
..
.
.

 1 D(p , q )
n

1

1
D(p1 , q2 )
D(p2 , q2 )
..
.

D(pn , q2 )

1
···
···
..
.
···



1

D(p1 , qn ) 
D(p2 , qn ) 

..

.

D(p , q ) 
n

n

(4)
where D(pi , q j ) is the squared Euclidean distance between
the points pi and q j . If the bideterminant is applied to the
same sequence of points D(p1 , . . . , pn ; p1 , . . . , pn ), it can
be abbreviated as D(p1 , . . . , pn ), which is known as the
Cayley–Menger determinant.
This algorithm needs at least three known points
qi = (x i , yi , z i ), which are the beacons’ position, as well
as the distances ri between these points and the point to
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locate m = (x, y, z), which is the underwater vehicle position.
By calculating the height of the tetrahedron formed by
three beacons, considering the ship as one beacon, and the
underwater node using the properties of the Cayley–Menger
determinants, and using the barycentric coordinates described
in [31], m can be obtained by means of
1
D(q1 , q2 , q3 )
×(−D(q1 , q2 , q3 ; q1 , q3 , m) · v1

m = q1 −

+ D(q1 , q2 , q3 ; q1 , q2 , m)

· v2 ± ( D(q1 , q2 , q3 , m)) · v3 )

(5)

where v1 = q2 −q1 , v2 = q3 −q1 , and v3 = (v1 ×v2 ). If there
are more than three beacons, including the ship, this algorithm
must be applied to each set of three of them (triplet). A more
detailed description of this algorithm can be found in [32]. The
knowledge of the vehicle’s depth is used to calculate the last
term of (5), which is related to the volume of the tetrahedron
formed by the beacons and the vehicle by the properties of
the Cayley–Menger determinants.
The MDS technique has been previously used in the
airborne relative positioning algorithms [33], as well as in
underwater acoustic networks [34]. Nevertheless, it can also be
applied to other positioning systems, such as the one described
in this paper. The metric method presented in [35] has been
considered in this paper. It calculates the relative position of all
the Q nodes in the system with respect to one of them (the ship
in this case), which acts as the origin of the coordinate system,
knowing the distances between all the system nodes, di j .
In this case, a matrix X is considered, which consists of
the (x i , yi , z i ) coordinates of all the nodes, and is related to
the dot product matrix B, by B = X · X T . Considering a
translation of X from the origin of the coordinate system to
the centroid of the geometric figure formed by all the nodes,
the dot-product matrix can be obtained as B∗ = X ∗ · (X ∗ )T,
where the elements of B∗ are calculated following [33]:
⎤
⎡
Q 
Q
Q
Q



1
1
1
1
2
2 ⎦
bi∗j = − ⎣di2j −
diq
−
dl2j + 2
dmn
.
2
Q
Q
Q
q=1

l=1

5

Pk=0 = (x  , y  , z), the beacon position (x i , yi , z i ), and the
distances between each beacon and the underwater node, ri .
Then, the distances calculated with the initial position can be
compared with the measured ones by means of
ri =

(x i − x  )2 + (yi − y  )2 + (z i − z)2

(10)

ri =

(x i − x)2 + (yi − y)2 + (z i − z)2 .

(11)

A cost function F(x, y, z) (12) can be then minimized
updating the estimated position until a tolerance criterion is
met, obtaining then the position (x, y) of the submerged node
F(x, y, z) =

n


(ri − ri )2 =

i=1

n


[ f i (x, y, z)]2 .

(12)

i=1

In this paper, a random position within the environment
limits, (±400, ±400, z) m, is considered as the starting point
each time the Gauss–Newton algorithm is called. As the
depth, z, is assumed to be known by the pressure sensor, this
value is already used in the algorithm and does not need to
be estimated.
The LMA is another method to solve the nonlinear least
squares problems, consisting on a combination of the gradient
descent method and the Gauss–Newton method. That way, the
best features of both algorithms are used when searching for
the minimum value of the optimization function [38], [39]. It
can also be used to improve the results of other techniques,
feeding the localization output of the algorithm as the starting
point for the LMA [33].
LMA obtains a numeric solution to a minimization problem
of a set of nonlinear equations (13), which depends on ρ parameters that are contained in all of them. In this particular case,
the squared difference between the observed and estimated
distances between the nodes is the problem to minimize
F(ρ) =

Q


f i2 (ρ) = 0.

(13)

i=1

In this paper, the estimated position obtained by the MDS
algorithm is fed to the LMA algorithm to be optimized.

m=1 n=1

(6)
Using the SVD method on B∗
B∗ = U · S · U T

(7)

where S is a diagonal matrix with all the eigenvalues and the
columns of U, which contains all the eigenvector associated
with the nonzero eigenvalues. Thus
B∗ = U · S1/2 · S1/2 · U T = (U · S1/2 ) · (U · S1/2 )T .

(8)

And since B∗ = X ∗ · (X ∗ )T , the coordinates matrix can be
obtained following:
(9)
X ∗ = U · S1/2
where only a translation must be made again to obtain the
coordinates of all the nodes in the original coordinate system.
The Gauss–Newton method solves the nonlinear least
squares problems [36], [37]. It starts with an initial position

IV. A NALYSIS OF THE E FFECTS OF D IFFERENT
PARAMETERS ON THE P OSITIONING
S YSTEM P ERFORMANCE
The calculus of the underwater vehicle’s position will be
affected by different effects, which are revised in this section.
Some of them are related to the DOP, such as the depth of the
vehicle, the distance between the ship and the other beacons, or
the total number of beacons, including the ship. Other effects
are related to the measurement process, such as the error in the
pseudo-TOF obtained in the detection of the encoded signals,
or assuming an incorrect position of a beacon, caused by a
positioning error by the GPS receiver.
In order to test the performance of the positioning system,
an environment of 800 m × 800 m has been considered,
where several beacons have been deployed along with the
ship, following a geometrical distribution, as shown in Fig. 3.
In Fig. 3, four beacons have been considered in addition to
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Distribution of the beacons and test points for the statistical study.

the ship, which is placed for convenience at the origin of the
coordinate system, whereas the beacons are deployed around
it at a distance of 300 m. For the studies with one ship and
two beacons, only the beacons placed in the positive X and Y
axes are used. Due to the symmetry of the study, considering
other quadrants would only cause a rotation of the results.
For simplicity, in the following, the ship can be referred as
a beacon too. With regard to the positioning error analysis,
beacon would mean any node placed at the sea surface, since
the consideration of being a ship, buoy, or ASV is not relevant.
An underwater vehicle is placed underwater in the considered region. To test the performance of the positioning
system in all the environment, it is assumed that the vehicle
is placed at different perfectly known locations in a mesh in
the XY plane, which are considered as the ground truth. This
mesh is shown in Fig. 3 for the distances between the ship
and the beacons considered in this paper. For simplicity, only
the beacons when the distance is 300 m are shown in Fig. 3.
A step of 50 m has been used when this distance is 300 m
(blue circles). When the distance is 50 m (red crosses), in
order to achieve a similar resolution in the vicinity of the
beacons, a step of 20 m has been considered when the X or
Y coordinate is within ±200 m. This configuration provides
289 and 841 test points. The number of test points is large
enough in both the cases to obtain the significant statistical
values about the localization errors.
In each test point, the error in the distance estimation
between the beacons and the underwater vehicle is taken
from a Gaussian distribution with mean μacu and standard
deviation σacu . In order to use the typical values found in the
underwater channels, the mean and the standard deviation are
taken from the results obtained by the authors in a previous
study [40]. In that work, an underwater acoustic propagation
model based on ray tracing was used to evaluate the detection
of a 255-b Kasami code in a shallow water channel, a surface
duct, and a deep sound channel. In the shallow water case,
the sound speed is constant and the considered bottom depth
was 20 m, obtaining a strong multipath due to the high
interaction of the acoustic signal with the sea surface and sea
bottom. For the surface duct and a deep sound channel, the
sound speed changed with depth, which was 100 m and 1 km,
respectively. As the depth is higher, there is less interaction

Fig. 4.
Typical errors in the detection of a 255-b Kasami code.
(a) Shallow water. (b) Surface duct.

with the sea boundaries. As a consequence, multipath is not
important in these situations for the considered distances
between the emitter and the receiver. In both the cases, the
uncertainty of not knowing the sound speed profile when
calculating the distance between emitter and receiver was
assessed. These channels were also affected by different values
of wind speed, which causes a Doppler spread and fading in
the surface-reflected signals, and Gaussian noise.
The most significant results of that work are shown
in Fig. 4(a) and (b), where Fig. 4(a) shows the results from the
shallow water channel and Fig. 4(b) from the surface duct. The
results from the deep sound channel are similar to the ones
obtained from the surface duct. In the shallow water case, the
main error source is multipath, which depends on the distance
between the emitter and the receiver. When combining a strong
multipath with a high noise level, the error in the distance
estimation can get as high as approximately 1.6 m. In the
surface duct case, the multipath is not as severe as in the
shallow water case, but an increasing error can be observed
when the distance between emitter and receiver gets higher.
This effect is caused by assuming a constant sound speed value
to calculate distance, when the sound speed is variable, and it
is the main error source in this case. The readers are referred
to [40] for a complete description of the propagation model
and the obtained results.
These results suggested that in the shallow water environments, where a strong multipath is present, and for similar
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distances as the ones considered in this paper, the errors in the
distance estimation between two nodes could vary from around
0.6 to 1.6 m. For a surface duct or a deep sound channel, where
the multipath is not severe, the errors ranged from 2 to 10 cm,
approximately. In order to consider these error variations,
two different values for the mean and the standard deviation
have been used in this paper: one representing the errors in
a typical shallow water channel, affected by multipath and
several boundary interactions, and the other one representing
the errors in a surface duct or a deep sound channel, affected
by less multipath but by a certain uncertainty in the sound
speed value.
The GPS position of one beacon is considered to be affected
by an error that follows a Gaussian distribution of zero mean
and standard deviation σGPS . In this paper, three different
values of σGPS has been considered, which represents a perfect
estimation of the GPS (σGPS = 0 m), a typical error obtained
by a differential GPS (σGPS = 0.3 m), and the error of a
common GPS (σGPS = 3 m). The values for these standard
deviations have been taken from the common values provided
by the GPS technology [41], [42].
Related to the GPS position of the beacons, drifting caused
by surface currents must be addressed. The average speed of
surface currents in the ocean is lower than 25 cm · s−1 in
87% of situations [43]. Considering a nominal value for the
sound speed in the water of 1500 m · s−1 , that the maximum
range between the nodes in this paper is going to be ∼1 km
and the measurement process described in Section II-A, the
elapsed time between the ship emission and the reception at the
farthest beacon will be around 2 s in the worst case. This fact
implies that between the emission of the ship and the reception
of the vehicle’s code, the beacons would move a maximum
of ∼0.5 m, which is below the GPS error in the common
configuration, and very close to the differential GPS error.
Because of that, and considering that common surface currents
are generally lower than 25 cm · s−1 , the effect of surface
currents in one measurement cycle has not been considered in
this paper.
As it was mentioned in Section III, the vehicle’s depth is
used in some of positioning algorithms. The typical accuracy
of 0.01% of full scale [44], [45] was checked for the bottom
depths of 140 and 700 m, which provided an accuracy of
1.4 and 7 cm, respectively. An error was modeled as a
Gaussian noise with a zero mean and a standard deviation
of 7 cm, and the difference in the localization error with regard
to a noise-free measure was found to be negligible. Thus, this
error source was discarded in this paper.
In each test point, 100 simulations have been run to consider the statistical nature of the errors in the acoustic range
estimation and GPS localization. The study is conducted for
each combination of number of beacons, distance between
the ship and the rest of beacons, d, depth of the underwater
vehicle z s , range errors and GPS errors, providing a total of
3 × 2 × 4 × 4 × 3 = 288 different cases to evaluate.
All the values considered in this statistical study have been
summarized in Table I.
The figure of merit of this paper has been chosen as the
positioning absolute error, , for each configuration in each
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TABLE I
VALUES C ONSIDERED IN THE S TATISTICAL S TUDY OF
THE P OSITIONING S YSTEM P ERFORMANCE

Fig. 5. CDF of the results for the best situation, obtained for five beacons,
d = 300 m, μacu = 0.05 m, σacu = 0.03 m, σGPS = 0 m, and z s = 4 m.

point of the environment, for the five positioning algorithms,
so their performance under different effects can be compared.
This absolute error is given by
=

(x  − x)2 + (y  − y)2

(14)

where (x, y) is the position of the submerged node, and
(x  , y  ) is the calculated position, obtained with each positioning algorithm.
V. R ESULTS
This section shows the most representative results obtained
for the characterization of the positioning system. In order
to show how the different parameters affect the position
estimation and considering that 288 different cases have been
evaluated, the system configuration and environmental conditions that have provided the lowest error has been selected as a
reference (best situation). This situation is obtained when using
five beacons, where the distance between the beacon at the
origin and the other four is 300 m, an acoustic measurement
error with a mean μacu = 0.05 m and a standard deviation
σacu = 0.03 m, and a GPS position standard deviation of
σGPS = 0 m. The vehicle’s depth in this case is z s = 4 m.
The most significant results are then compared with this one.
Fig. 5 shows the cumulative distribution function (cdf) for
the five positioning algorithms for the best situation. As shown

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
8

Fig. 6. CDF of the results for five beacons, d = 300 m, μacu = 0.05 m,
σacu = 0.03 m, σGPS = 0 m, and z s = 30 m.

in Fig. 5, in 95% of these measures, the errors are lower
than 10.7 cm using the Gauss–Newton algorithm, and lower
than 13.9 cm for LMA. The difference between the different
positioning algorithms in this case is almost negligible. The
results obtained for the algebraic spherical trilateration are
the same than with Cayley–Menger, so both the curves are
overlapped. This behavior will occur in all the figures that
are going to be shown in this paper. A small difference in their
results was noted when using four beacons. This is thought
to be caused by the weighting of the results obtained by
Cayley–Menger algorithm for different triplets, whereas the
algebraic spherical trilateration resolves the set of equations
using a different approach.
Fig. 6 shows how the vehicle’s depth affects the performance, where the results obtained for a depth of 30 m are
represented. As shown in Fig. 6, the results do not change
noticeably, except for the MDS algorithm and LMA. These
algorithms now show a maximum error of 18.5 cm for
95% of results, being the ones that are more affected by this
geometrical change, although not dramatically. This behavior
is similar for other configurations and depths. Nevertheless, in
the worst case, the difference is <5 cm, so the vehicle’s depth
does not seem to have a critical effect on the estimated (x, y)
position for the considered cases. This behavior is expected,
as the depth of the vehicle is sent to the ship and it is
used to calculate the (x, y) coordinates, avoiding then the
errors caused by the VDOP. These results show that the
algorithms are robust with regard to the considered depths of
the underwater vehicle.
The results obtained considering three beacons instead of
five, maintaining the other variables unchanged with regard
to the best situation, are shown in Fig. 7. This way, the
influence of the number of beacons can be assessed. The
errors are slightly higher than in the best situation, ranging
from 13.2 cm for the Gauss–Newton algorithm, to 18.4 cm for
Cayley–Menger and algebraic spherical trilateration, considering 95% of the results. The increase of the errors is due to a
reduction in the projected area of the beacons, where purely
spherical trilateration algorithms seem to be more sensitive to
this effect than iterative algorithms. This conclusion can be
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Fig. 7. CDF of the results for three beacons, d = 300 m, μacu = 0.05 m,
σacu = 0.03 m, σGPS = 0 m, and z s = 4 m.

Fig. 8.
Mean absolute error in meters for three beacons, d = 300 m,
μacu = 0.05 m, σacu = 0.03 m, σGPS = 0 m, and z s = 4 m.

seen more clearly in Fig. 8, where the mean absolute error
in each test point has been represented for the Gauss–Newton
algorithm. The white circles with black center represent the
location of the beacons. In Fig. 8, the lowest values for the
mean absolute error (∼4–5 cm) are in the region close to
the three beacons, whereas the highest values (∼8–9 cm)
are obtained in the regions far from them. Nevertheless, the
magnitude of these mean absolute errors is still very low.
Fig. 9 shows the influence of the distance between the
beacon at the origin of coordinates and the others in the
cdf of the errors. In this case, five beacons with a distance
of 50 m have been considered, instead of 300 m of the
previous situation, but using the same geometrical distribution.
In a similar way as the previous case, reducing the distance
between the beacons causes the error to increase, as their
projected area is now smaller. For 95% of the measures, the
maximum error for the Gauss–Newton algorithm is of 26.5 cm,
whereas for MDS is of 64.4 cm. MDS and LMA seem to be
more sensitive to the geometrical changes in the system. This
is believed to be caused by how the MDS rely in the centroid
formed by the nodes. In the case of LMA, this algorithm uses
the estimated position of MDS, and it is not able to noticeably
reduce the error. Note the different scales in this figure with
regard to the previous ones.
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Fig. 9. CDF of the results for five beacons, d = 50 m, μacu = 0.05 m,
σacu = 0.03 m, σGPS = 0 m, and z s = 4 m.

Fig. 11. CDF of the results for five beacons, d = 300 m, μacu = 0.05 m,
σacu = 0.03 m, σGPS = 3 m, and z s = 4 m.

Fig. 10. CDF of the results for five beacons, d = 300 m, μacu = 1 m,
σacu = 0.5 m, σGPS = 0 m, and z s = 4 m.

Fig. 12. CDF results for the worst scenario, obtained considering three
beacons, d = 50 m, μacu = 1 m, σacu = 0.5 m, σGPS = 3 m, and z s = 4 m.

The previous figures showed the errors due to different
geometrical configurations of the positioning system, which
are related to the DOP. As it was previously stated, the
positioning system is also affected by bad measures obtained
from the sensors, such as an incorrect estimation of the
distances between the nodes caused by an erroneous TOF
estimation from the encoded acoustic detection, or a bad GPS
estimation of a beacon position.
The results for the influence of an erroneous acoustic
measure are shown in Fig. 10, where a Gaussian error in
the acoustic measure of the distances of mean μacu = 1 m
and standard deviation of σacu = 0.5 m has been considered, which would correspond to a strong multipath situation.
Gauss–Newton algorithm provides again the best results, with
a 95% error of 1.9 m, whereas LMA has a 95% error of 2.2 m.
As expected, the error in the distance between the nodes
obtained by the acoustic measures propagates noticeably to the
estimated position in all algorithms, obtaining similar results.
Nevertheless, all of them provide a reasonable estimation even
in such adverse conditions, which would still be useful for
systems that not require a high precision estimation. Note the
different scale used in the figure, with regard to the similar
previous ones.

The influence of a bad GPS position estimation is shown
in Fig. 11, where a Gaussian error with a zero mean and a
standard deviation σGPS = 3 m in the estimation of one beacon
has been considered. This error also propagates significantly to
the total error of the system. Gauss–Newton algorithm obtains
the lowest error, with a maximum value of 4 m for 95%
of the measures, whereas the error for MDS is of 7.2 m.
Note the different scale used in the figures with regard to the
previous ones.
Last, the worst possible scenario for the considered parameters is shown in Fig. 12, where three beacons separated
50 m have been considered, as well as a Gaussian error in
the acoustic measure of μacu = 1 m and standard deviation of
σacu = 0.5 m, along with a Gaussian error in the GPS position
of one beacon of σGPS = 3 m. The best results are obtained
in this case with LMA, which obtains a 95% error of 22.6 m,
whereas Cayley–Menger and algebraic spherical trilateration
have an error of 38.9 m. Nevertheless, in Fig. 13, it can be seen
that the mean absolute errors for the Gauss–Newton algorithm
are lower than 10 m in large regions of the environment, being
especially high far from the beacons.
All the results for the considered cases and positioning
algorithms are shown in Table II.
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TABLE II
A BSOLUTE E RRORS IN M ETERS FOR 95% OF M EASURES FOR A LL THE E VALUATED P OSITIONING A LGORITHMS AND S ITUATIONS

Fig. 13. Mean absolute error in meters of the results for the worst scenario,
obtained considering three beacons, d = 50 m, μacu = 1 m, σacu = 0.5 m,
σGPS = 3 m, and z s = 4 m.

VI. C ONCLUSION AND F UTURE W ORK
In this paper, an underwater positioning system based on
beacons equipped with GPS and acoustic transducers has
been characterized for different measurement errors related to
environmental conditions and geometrical configurations. This
system uses Kasami codes to improve the detection of the
acoustic signals, obtaining a better estimation of the distances
between the nodes, process gain against noise and allowing for
multiuser capabilities. Considering the measurement process
of the system, any additional underwater vehicle in the environment only requires a different code to be identified and
located. The vehicles would respond to the same code emitted
by the ship, and taking an advantage of good cross-correlation
properties of certain coding schemes, such as Kasami codes,
no time guard protocol is needed, and the same measurement
cycle and positioning algorithms can be used. This way, the
number of underwater vehicles located by the positioning
system could be easily increased, at an expense of slightly
increasing the computational time in the ship. The codes used
by the underwater vehicles should be known by the beacons
and the ship, so they can distinguish from which one the
received signal is coming, in order to calculate their position.
Other considerations were made in the description of the
system in Section II-A. One requirement to operate correctly
is the successful communication protocols, both at the sea
surface using the radio frequency link, and underwater using

acoustics. The design of these protocols is out of the scope
of this paper, but it should be noted that the collisions in
the radio frequency communication does not seem important,
as the propagation speed is that of speed of light, and the
same information can be sent again with no remarkable delay.
On the contrary, missing an underwater data packet is more
important, considering the propagation time in this channel.
This loss of the underwater data can be caused by several
factors, such as the vehicle being located in a region with
poor communication coverage due to underwater acoustic
propagation features, high noise levels, or the near-far effect
caused by the detection of the more energetic response as the
valid one for the others vehicles, if considering several ones.
One way to mitigate these effects would be a gain control for
the emitted signals and a Kalman filter to obtain robustness
again outliers and missing data. Another main concern in the
underwater environments is the drifting of beacons at the sea
surface in a long time experiment. As it was explained in
Section IV, for one measurement cycle, this effect is negligible
for the considered distances. However, it should be considered
for the next cycles, or if the distances are larger. This problem
is automatically solved in the measurement process, as the
beacons can update their position with the GPS, and they
send this information to the ship with the radio frequency link
at each measurement cycle, so their positions can be always
updated.
Five positioning algorithms have been evaluated for a combination of situations, quantifying the errors caused by the
different effects in all of them. The results show that for the
considered distances, the geometrical configuration does not
have a noticeable impact on the system performance. The algorithm that is more affected by this geometrical configuration
is MDS, probably due to the centroid dependence. The errors
increase when reducing the number of surface nodes or when
moving them closer together, as expected, as the projected area
of the beacons in the environment becomes smaller. The most
important factors contributing to the position accuracy are an
incorrect position obtained with the GPS, and a bad acoustic
measure of the distance between the nodes. The first effect can
be reduced by using a differential GPS, whereas the second
one is intrinsic to the underwater channel. In order to mitigate
the effect of the channel, some postprocessing should be used
in order to reduce the effect of the later correlation peaks that
provide an incorrect measure of the TOF.
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With regard to the positioning algorithms that have been
considered in this paper, Gauss–Newton algorithm provides
the best results in most situations, although it needs the
dimension of the environment in order to ease the iterative
process by using a good initial position estimation. If this
initial position is not chosen with regard to the environment
size, the algorithm may not converge. However, in a real
mission, this problem could be solved by updating the environment size, or taking a new initial position close to the
last valid one, providing that the initial positions are correct.
Cayley–Menger and algebraic spherical trilateration usually
provide good results, especially when there are more than three
beacons. Their use is more generic, since they only need the
position of the beacons, obtained and updated by the GPS, and
the distances between the beacons and the underwater vehicle;
but if the accuracy is needed and there are not many beacons
available, Gauss–Newton algorithm could be a better choice.
As a future work, larger environments and underwater
vehicle’s depths could be considered, evaluating then the
performance of the initial position of the Gauss–Newton
algorithm and larger sound speed uncertainties. In addition,
the effect of depth measurement errors and beacons drift in
one measurement cycle should be considered in these larger
environments. Integrating the acoustic positioning system with
an INS into a navigation system using a Kalman filter would
allow to evaluate how the system would respond to not
successful communications and outliers.
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