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Additive White Gaussian Noise Level
Estimation in SVD Domain for Images
Wei Liu and Weisi Lin, Senior Member, IEEE

Abstract— Accurate estimation of Gaussian noise level is of
fundamental interest in a wide variety of vision and image
processing applications as it is critical to the processing techniques that follow. In this paper, a new effective noise level
estimation method is proposed on the basis of the study of
singular values of noise-corrupted images. Two novel aspects
of this paper address the major challenges in noise estimation:
1) the use of the tail of singular values for noise estimation to
alleviate the influence of the signal on the data basis for the noise
estimation process and 2) the addition of known noise to estimate
the content-dependent parameter, so that the proposed scheme is
adaptive to visual signals, thereby enabling a wider application
scope of the proposed scheme. The analysis and experiment
results demonstrate that the proposed algorithm can reliably
infer noise levels and show robust behavior over a wide range
of visual content and noise conditions, and that is outperforms
relevant existing methods.
Index Terms— Additive white Gaussian noise, noise estimation,
singular value decomposition (SVD).

comparison with the area of denoising). Apart from denoising,
other algorithms that can benefit from noise level estimates
include motion estimation [25], super-resolution [26], shapefrom-shading [27], and feature extraction [28].
In most cases, noise can be modeled as Gaussian distribution, and such noise includes: 1) the amplifier noise of an
image sensor [29]; 2) the shot noise of a photon detector,
which is a type of electronic noise that may be dominant when
a finite number of particles that carry energy is sufficiently
small [9]–[11]; and 3) the grain noise of photographic film
[1]–[3]. Estimating the Gaussian noise level from a single
image is a difficult task: we need to decide whether local image
variations are due to color, texture and lighting variations of
the image itself, or due to the noise. In the image denoising
literature, noise is often assumed to be zero-mean additive
white Gaussian noise (AWGN) [30]. An observed noisy image
A(i, j ) is expressed as:
A(i, j ) = A0 (i, j ) + N(i, j )

I. I NTRODUCTION

N

OISE is unavoidable during visual data acquisition,
processing and transmission, and often exhibits as the
random variation of brightness or color in images. Possible
sources of random noise include film grain [1]–[3], various
sensors and circuits [4]–[6] of digital equipment (e.g., a
scanner, digital camera, [7], [8] or photon detector [9]–[11]),
signal quantization and communication channels. Denoising
is therefore a very important step to improve the accuracy
or performance of many image processing techniques, such
as image segmentation [12], [13] and recognition [14], [15].
There has been a large body of literature on image denoising
(e.g., [16]–[20]). Although very promising denoising results
have been achieved using a variety of methods, such as
wavelets, anisotropic diffusion and bilateral filtering, the noise
level in the image is often assumed known or already estimated
beforehand [16]–[18]. Different attempts for noise and artifact
estimation have been performed [21]–[24]; the estimation of
noise level is difficult in practice, and overall, noise estimation
is a relatively less investigated issue in the literature (in
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(1)

where A0 (i, j ) represents the original (true) image, and N(i, j )
signifies the signal-independent noise. The amplitude of noise
is of Gaussian distribution:
f (x) =

2
1
− (x−μ)
√ e 2σ 2
σ 2π

(2)

where σ represents the noise standard deviation and μ is the
mean value of the distribution. For zero-mean AWGN (i.e.,
μ = 0), the key parameter to be determined is only σ .
There are two major challenges in noise estimation from
a single image: 1) how to prepare a data basis for noise
level estimation with minimum influence of the image signal
itself (otherwise, we would estimate noise based upon signal
data) and 2) how to allow the algorithm adaptive to visual
content so that it is suitable for different images. Noise
estimation algorithms developed so far can be classified into
three different approaches: filter- (or smoothing-) based, blockbased and transform-based.
In filter-based methods [21], [31], a noisy image is first
filtered by a low-pass filter to suppress the noise. Then the
noise variance is computed from the difference between the
noisy image and the filtered image. The main difficulty of
filter-based methods in preparing the data basis is that the
difference image is assumed to be the noise but this assumption
is not held in general, because it is well known that a lowpass filtered image is not the original image, especially for an
image with strong structure or other visual details. In order
to get a data basis for noise level estimation with minimum
influence of the image signal itself, in [31], the vertical and
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horizontal information of an image is used for extracting
vertical/horizontal detail components and histogram information for noise estimation, but it has a high computational load
and a number of user-defined parameters to determine.
In blocked-based methods [22], [32], images are tessellated
into a number of blocks. The noise variance is then computed
from a set of homogeneous blocks. The main assumption here
is that a homogeneous block in an image is a result of an
absolutely smooth image block with added noise. In fact,
homogeneity is a relative condition in real-world images, and
a relatively homogeneous block has a big chance to contain
some visual activities there. Another issue of block-based
methods is how to identify the homogeneous blocks with
model parameters suitable for images in general.
There have been modified filter-based [31], [33] and blockbased approaches [34], [35] for better noise estimation.
Generally, block-based algorithms are simple, but their estimates may vary significantly depending on the input image and
noise level. Filter-based algorithms yield good estimates for
large noise cases, but they require a high computational load
and a large amount of memory. There have some compromised
methods as the combination of filter-based and block-based
estimation algorithms [36]–[38].
Among transform-based methods, a widely used estimation
method is based on mean absolute deviation (MAD) [23], [39].
The estimation of noise standard deviation σ is formulated as
follows:
σ̂n =

medi an(|yi |)
,
0.6745

yi  subband H H

(3)

where HH denotes the diagonal band in wavelet decomposition, yi denotes the coefficients in the diagonal band, and
medi an(·) represents the median operation. The approach is
based on the assumption that wavelet coefficients in the HH
subband are dominated by noise. In practice, the outcome
achieved by this approach is usually higher than the truth
value; the reason is that coefficients in HH subband are
dominated not only by noise, but also by image details. The
number of coefficients contributed by image details is few,
but usually takes on big magnitude, which results in the
greater outcome achieved by the median of all coefficients
in HH subband. In the case where the resultant data basis
for estimation contains more image details and less noise, the
estimation is less accurate. Some modified algorithms have
been proposed based on the coefficients estimation of the
original image in the HH subband [40]. In [40], better results
can be obtained by deducting the estimated original image
contribution from HH; then the estimation is performed based
on the Donoho’s formula as shown in (3).
To address the two aforementioned major challenges and
overcome the drawbacks in the existing work, we investigate into the possibility to estimate noise in singular value
decomposition (SVD) domain. The SVD has been successfully
applied to many image restoration [41]–[46] and recognition
[47]–[49] problems. As to be analyzed in the next section,
the remarkable property of the SVD is its statistical representations of image details in subspaces of decreasing importance, while the influence of noise maintains in all subspaces.
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This fact is helpful since the tail of singular values (i.e., the
later SVD subspaces) can be used as the proper data basis
for noise estimation and image details do not have significant
influence in that part of subspaces. In essence, the use of SVD
enables separation of image details and noise in a single image
and such separation is difficult otherwise.
To be more specific in analysis, we divide “the singular”
values S of a noise-corrupted image into two parts in SVD —
Ss and Sn , where Ss denotes the part contributed by image
structure and Sn denotes the part contributed by noise (we
will explain how to calculate Ss and Sn in Section II). We did
abundant experiments. Figure 1 shows experimental result of
the Lena image of different sizes for Ss and Sn , with different
noise injection. We can see that image details contribute very
little to the later part of the singular values, as Ss ; on the
contrary, noise dominates the later part of the singular values,
as Sn . When noise level (σ ) become lower, the contribution of
noise will be smaller either; however, the tail of the singular
values is still dominated by noise. The figure shows the
best dada basis (i.e., the range of singular values) for noise
estimation is the later 80% of singular values, because this
represents the data to which noise is the dominant factor.
It is worthy of being noted that the influence of signal
decreases rapidly in S, so the possible data basis for noise
estimation can be as large as 80% of S – a bigger amount of
data facilitates more reliable noise estimation.
In the work to be presented next in more details, we will
firstly study the characteristics of singular values of noisedegraded images (as Section II) and propose a new method
of noise level estimation in the SVD domain for AWGN (as
Section III) accordingly, to better address the two major challenges that we have discussed. The experiments on different
types of images demonstrate that the proposed algorithm can
reliably detect Gaussian noise levels and show robust behavior
over a wide range of visual content and noise conditions, in
Section IV. The conclusion for the work will be in Section V.
II. SVD FOR I MAGES AND THE I NFLUENCE OF AWGN
A. Singular Values and Noise Levels
The SVD is based on the theory in linear algebra with which
a rectangular matrix A can be decomposed into the product of
three matrices - an orthogonal matrix U , a diagonal matrix S,
and the transpose of another orthogonal matrix V. To be more
specific, the SVD of an m × n image A (assume r is the rank
of A) can be written as:
A = U × S × VT

(4)

where U T U = Imm ; V T V = Inn (Imm and Inn denote the
m-square and n-square identity matrices); m and n represent
the dimensions of A. The columns of U are orthonormal
eigenvectors of AAT , the columns of V are orthonormal
eigenvectors of A T A, and S is a diagonal matrix containing
the square roots of eigenvalues of AAT or A T A arranged in
the descending order. Let the singular values be denoted by
s(i )(i = 0, 1, . . . , r ), and then s(1) > s(2) > · · · > · · · >
s(r ).
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(a)

(b)

(c)

(d)

Fig. 1. Contribution of signal and noise to singular values. (a) Lena 512 × 512, σ = 50. (b) Lena 512 × 512, σ = 10. (c) Lena 256 × 256, σ = 50. (d) Lena
256 × 256, σ = 10.

To separate the contribution of image from that of noise,
following the notations in the last section (Equation (1)), Ss
and Sn are defined as the singular values due to the original
image and the additive noise decomposed by singular vectors
U and V :

can be distinguished much easily with the later part (i.e., the
tail) of singular values (when i is large). This is the ground
of the proposed technique in this paper for noise estimation.

Ss = U −1 × A0 × (V T )−1 = U T × A0 × V

(5)

Sn = U −1 × N × (V T )−1 = U T × N × V.

(6)

Let N be a zero-mean m×n AWGN image with standard
deviation σ , and its SVD can be expressed as:

Obviously S = Ss + Sn , or s(i ) = ss (i ) + sn (i ).
Figure 2 shows singular values s(i ) of different test images
with different noise levels. In Figure 2, (a), (b) and (c) are three
standard 512 × 512 grayscale test images; (d) is a standard
256 × 256 grayscale test image; (e) is a 256 × 256 cartoon
image; (f) is a 533 × 512 cartoon image. We can see that
addition of noise to images increases the singular values in
general (in line with what has been shown in Figure 1), and
this is also agreeable with the results in [50]. In other words,
the higher the noise level is, the larger the singular values
become. More importantly, the early part of singular values
(when i is small) are determined mainly by the image content
(noise is there also but its influence is insignificant due to the
strong presence from the signal itself), while the noise level

B. AWGN Analysis

N = U × Sn × V T
and
σ2 =

r


(7)

sn2 (i ).

i=1

We use parameter M to represent the number of the last
singular values (i.e., the tail) under consideration. Obviously,
the average of the last M singular values is a function of σ ,
and can calculated as
r

1
sn (i )
(8)
PM (σ ) =
M
i=r−M+1

where 1 ≤ M ≤ r . When M = 1, only the last singular value
(i.e., sn (r )) is considered in (8); when M = r , all singular
values (i.e., sn (1) to sn (r )) are considered in (8).
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(a)

(b)

(c)

(d)

(e)

(f)

Fig. 2. Singular values of different test images with different noise levels. (a) Singular values of Peppers (512 × 512). (b) Singular values of Lena (512 × 512).
(c) Singular values of Barbara (512 × 512). (d) Singular values of Cameraman (256 × 256). (e) Singular values of image (256 × 256). (f) Singular values of
image (533 × 512).

If PM is linearly dependent on σ , two sufficient and
necessary conditions must be satisfied:
⎧
⎨ PM (kσ ) = k × PM (σ )
(9)
⎩
PM (σ + σ1 ) = PM (σ ) + PM (σ1 )
where σ represents the standard deviation of an additional
noise N1 .

Let us look at the first condition in (9) first. Assume Nk =
k × N to be an m × n AWGN image from the same process
of N : Nk is a modified version (i.e., an amplified or reduced
version, depending on k) of N; that is, N and Nk are formed
by a same AWGN process. The resultant standard deviation
will be k × σ , and we have
Nk = k × N = k × U × Sn × V T = U × k Sn × V
(10)
= U × Skn × V T
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TABLE I
R ELATIONSHIP OF PM AND α FOR AWGN W ITH D IFFERENT I MAGE S IZES OF THE D IFFERENT
P ROCESSES (M = 3R/4) FOR D ETERMINING α
σ = 10

σ = 15

σ = 20

σ = 25

σ = 30

σ = 35

σ = 40

σ = 45

σ = 50

α

PM (512 × 512)

138.40

207.49

276.41

346.53

416.16

485.18

553.71

623.92

693.38

13.87

PM (256 × 256)

98.26

148.22

196.56

247.46

294.55

346.18

393.11

444.47

489.75

9.83

PM (128 × 128)

70.05

104.11

140.17

177.02

211.35

248.19

281.03

318.74

348.99

7.02

where
Skn = k × Sn .

(11)

Therefore,
PM (kσ ) =

1
M

r


ksn (i ) = k × PM (σ ).

(12)

i=r−M+1

PM (σ ) = ασ

Equation (12) shows that the first condition in (9) is satisfied
when the noise is from the same process.
Let N1 = (σ1 /σ )×N be an m×n AWGN image of the same
process of N with standard deviation σ1 , and N2 = N1 + N =
σ1+σ
σ N be an m × n AWGN image of the same process of N
with standard deviation (σ + σ1 ). We have
σ1
σ1
σ1
N = U × Sn × V T = U × Sn × V T
N1 =
σ
σ
σ
= U × S1n × V T
(13)
σ1
(14)
Sn
S1n =
σ
σ + σ1
N
N2 =
σ
σ + σ1
U × Sn × V T
=
σ
σ + σ1
Sn × V T
=U×
σ
= U × S2n × V T
(15)
So,
S2n =
PM (σ + σ1 ) =
=

σ + σ1
Sn
σ
r

1
M
1
M

i=r−M+1
r


from a different process behaves almost the same as the case of
noise with same processes (as presented above in this section)
when M is significantly bigger than 1, and Table I shows
some examples for PM versus σ , with different image sizes.
That is, PM is almost linearly dependent on the noise level σ
even if the process of AWGN changes:

(16)
σ + σ1
sn (i )
σ
sn (i ) +

i=r−M+1

= PM (σ ) + PM (σ1 ).

1
M

i=r−M+1

σ1
sn (i )
σ
(17)

Equation (17) shows that the second condition in (9) is
satisfied when the noise is from the same process. From (12)
and (17) we can see that PM is linearly dependent on the noise
level σ if the process of AWGN is the same.
In the case of different processes of AWGN (e.g., we use the
randn( ) function in Matlab to generate an AWGN sequence
N of standard deviation σ , and then randn( ) is used again to
generate another AWGN sequence N1 of standard deviation
σ 1 , i.e., N1 is not an amplified or reduced version of N),
PM is no longer linearly dependent on σ for any M value.
The extensive experimental results confirm that PM of a noise

M >> 1

(18)

where α denotes the slope of the linear function which can be
affected by the choice of M. If M < r/4, the randomness
of AWGN will cause the value of PM vibrated. In our
experiments on 512 ×512 AWGN images, we calculate PM as
the average of the 128th ∼ 512th singular values. Thus we can
figure out that from the experiments data shown in Table I.
With change of the process of AWGN, the value of α changes
slightly; we have for 512 × 512 images.
With the images of cartoons and real-world scenes, the
average of the last M singular values PM is calculated, and
we find that the relationship between PM and σ become:
PM =

r


Si = ασ + β.

(19)

i=r−M+1

In comparison with (18) and (19), we know that β is image
content related. We can also separate PM into two parts—
PMs and PMn , for signal and noise respectively, and they are
defined as
PMs =
PMn =

r


when

r

i=r−M+1
r


Ss (i )

(20)

Sn (i )

(21)

i=r−M+1

where PMs denotes the contribution of image structures to PM ,
and PMn denotes the contribution of noise to PM .
Figures 3 and 4 take 512 × 512 noise-corrupted Lena image
as an example and show the experimental results. In Figure 3,
M = 384. We can see that the line of PMn is almost the same
as that of pure AWGN. The line of PMs is almost horizontal,
i.e., PMs is a constant. This is agreeable with (19), where PM
is the sum of ασ and β, ασ is the contribution from noise and
constant β is the contribution from image structure. The more
complex an image is, the greater the value of β is. Figure 4
shows the relationship of PMn and M at different noise levels.
We can also see from Figure 1, the tail of Sn changes according
to noise level. When noise level is low, the tail where noise
is dominant is short; when noise level is high, the tail is long.
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Fig. 3.

Contribution of signal and noise to PM .
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to Barbara, Peppers, Lena and a blank image (the two curves
corresponding to Lena and Peppers almost overlap). We test a
blank image in order to find the relation of PM and noise level
without the influence of image content. Fig. 5(b) illustrates the
experimental results from 256 ×256 images including those in
Fig. 2(d) and Fig. 2(e). The bottom one is a 256 × 256 blank
image. We can see from Fig. 5(b) that the curves of the same
size images are also linear and parallel. Fig. 5(c) shows the
experimental results from 533×512 Cartoon2. We find that the
curve corresponding to Cartoon2 is also parallel to the curve
of blank images of the same size. From Fig. 5 (a, b, c) we
can see that PM is linearly dependent on the noise level under
all these circumstances. Image details have little influence on
slope α, but can increase β notably. In other words, image
structures and details contribute to the value of β. Generally,
for images with more details, the value of β is greater. We
can see that Barbara has the largest β among all the standard
512 × 512 grayscale test images in Figure 2.
We also perform experiments for the relationship between
M and α. The experimental results on 512 × 512 images are
shown in Figure 6. With the increase of M, the value of α
increases. The value of PM is still linearly related to the noise
level with slope of α approximately. As we mentioned above,
if M is too larger, i.e., M > 448 in this case, the relation of
PM and α may not be linear any more (see the last row of
plots in Figure 6); if M is too small, i.e., M < 128, the value
of PM may be vibrated (as the first row of plots in Figure 6).
Fortunately, the range for M is sufficiently large.
III. P ROPOSED N OISE E STIMATION A LGORITHM
IN THE SVD D OMAIN

Fig. 4.

Relationship of PMn and M.

When we decide the value of M, we should not use a toolarge M because it would cause the inclusion of the early part
of singular values into the calculation for PM (this is obvious
from Equations 8, 12, 17, 19–21), and we have known that
the image content dominates the early part of singular valuesbear in mind that we are to use singular values to estimate
noise; so M should be no larger than 4r
5 . On the other hand,
M should not be too small either since this would cause the
data size for noise estimation too small and therefore affecting
the estimation accuracy and reliability; as discussed before, M
should be larger than
to r4 . In summary, the range of
 r or4requal

M should be M ∈ 4 , 5 ; as can be seen (also to be further
demonstrated later in Figure 6), the M value selection is not
critical since the range is wide (because r is sufficiently large
for images).
Figure 5 gives some experimental results of different kinds
and sizes of images (M = 3r/4), where the X axis denotes
the noise level and Y axis denotes PM . Fig. 5(a) shows the
experimental results from standard 512 × 512 grayscale test
images. From the top to the bottom, the curves correspond

The experimental results and analysis we described in
Section II show the relation of the average of the last M
singular values (i.e., PM ) and the AWGN level (i.e., σ )
is of approximate linearity. That is, PM and σ follow the
relation expressed in (19). This provides the ground for noise
estimation.
For various images, as has been shown in the previous
section, if a not-extreme (i.e., not to be very small or large) M
value is selected, the slope parameter α is almost the same for
images of the same size. That is to say, for images of the same
size, M is the only factor affect the value of α. For instance,
if M = 384 (i.e., 3r/4) for 512 ×512 images, according to the
statistics from the same size pure AWGN image of different
noise level, the value of α is 13.87 as shown in Table I; if
M = 192 (also 3r/4) for 256 × 256 images, the value of α
is 9.83 (as in Table I). In this work, we choose M = 3r/4;
as we mentioned earlier, any choice in the range of ( r4 , 4r5 ) is
reasonable. For images of other size, we can determine α as
following steps.
1) Calculate PM of pure AWGN images of the same size
at different noise levels, we get a set of data like a row
in Table I.
2) Calculate α by the least square fitting according to data
acquired in the first step.
In practical, since α is independent of image content, we can
figure out α off-line. For example, most digital image capture

878

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 22, NO. 3, MARCH 2013

(b)

(a)
Fig. 5.

(c)

Relationship of P M and σ . (a) 512 × 512 standard gray images. (b) 256 × 256 images. (c) 533 × 512 Cartoon2.

(a)

(b)

(d)

(e)
Fig. 6.

(c)

(f)

Relationship between M and α.

equipment can only acquire images of several fixed size. We
can calculate α corresponding to each image size, and form a
table for the relation between image size and α beforehand.
When we estimate noise level σ according to Equation (19),
we need to find out the value of β. As we mentioned in Section
II, β is related to the complexity (structures and other visual
details) of the image, but it is hard to find out the precise value
for β. To solve the problem, we propose to add additional
AWGN with known deviation to the noise-corrupted image,
and let the outcome tell us the value of β.
Assume that the noise deviation is σ in the input noisecorrupted image. If we add known AWGN of σ1 to the noisecorrupted image, then it is easy to illustrate (see below) that
thetotal noise σ2 will still be AWGN with standard deviation
of σ 2 + σ1 2 .
We only need to consider the influence from the noise since,
as we already demonstrated, PM with a proper M is mainly

affected by noise. Assume that N is the AWGN sequence with
deviation σ , and N1 is the AWGN sequence that we added to
the noised image. For zero mean AWGN, the mean values are
zero, i.e., E (N) = 0 and E (N1 ) = 0
σ 2 = E[N − E(N)]2 = E N 2

(22)

σ12

(23)

2

= E[N1 − E|(N1 )] =

E(N12 ).

The variance of total noise:
σ22 = E[(N + N1 ) − E(N + N1)]2
= E(N 2 ) + E(N12 ) + 2E(N N1 )
= E(N 2 + E(N12 )
= σ 2 + σ12 .

(24)

Noted, N and N1 are not related, and this means
that E (N N1 ) = E (N) E (N1 ) = 0. Thus we can get
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Equation (24), and we can calculate the standard deviation
σ2 as:

(25)
σ2 = σ 2 + σ1 2
We have two equations with two variable, β and σ
from (19):
PM = ασ + β

P1M = α σ 2 + σ1 2 + β.

(26)
(27)

Since β is a content-dependent parameter, it is derived by
adding noise to the test image each time when we estimate
the AGWN level. This is one of the innovative points in our
work, we do not derive β based upon simulation with a group
of images (it is difficult since we would end up with the need
to classify/estimate the image content in order to determine
β); instead, we add known noise to the image under test every
time to obtain two noising image versions of same content to
derive β. So the above equation set is applicable to all kinds
of images. The simulation results in Part IV also proved the
efficiency of our technique has little to do with the content of
images.
Solving the equation set above, we can figure out the value
of σ
σ̂ =

ασ12
P1M − PM
−
2(P1M − PM )
2α

(28)

Theoretically, σ1 of the added AWGN can be arbitrary. In
practice, the choice of σ1 affects the precision of estimation. If
σ1 is too small, according to (25), the total noise level σ2 will
be too close to σ , i.e., the two points −(σ1 , P) and (σ2 , P1 )
will be too close, as illustrated as Point B in Figure 7, which
is too close to the Target Point A; this affects the precision
and stability of the estimation result. It will be beneficial to
choose a bigger value of σ1 ; for example, Point C in Figure 7
is better than Point B. In our experiments, we choose σ1 = 50
The proposed noise level estimation procedure for image A
is therefore composed of 7 stages as follows:
1) Choose a proper M (the suggested M value is r × 3/4),
and calculate corresponding α;
2) Perform singular value decomposition to the noised
image A;
3) Calculate the average of the last M singular values PM ;
4) Add AWGN of σ1 = 50 to noised image A to yield a
new image A1 ;
5) Perform singular value decomposition to the acquired
image A1 ;
6) Calculate the average of the last M singular values P1M ;
7) Figure out the estimated noise level by Formula (28).

Fig. 7.

Influence of σ1 .

We select some test images shown in Figure 1, the test
images (a), (b), (c) are 512 × 512 standard grayscale images;
among them (a) is an image with simple structure and less
visual details, while (c) is a complicated image with lots
of details; image (d) is a 256 × 256 standard grayscale
image; images (e) and (f) are cartoons of size 256 × 256 and
533 × 512 respectively. A 256 × 256 blank image with gray
levels equal to 127 was also included in our experiment as the
“flattest” image. When drawings of cartoonists are scanned
into computers, noise is inevitable, so we take cartoons into
consideration in this research. All these images are selected for
test in this work due to their meaningful span and variations
in visual content and resolution.
Tables II and III show the statistical results from the
experiment data: Table II gives the mean estimation results
of 100 tests of each image with difference noising processes,
while Table III gives the associated standard deviation. We
test each image 100 times under a certain noise level in
order to check if the proposed method can work stably.
The experimental results proved that the proposed method is
effective for both real-world and cartoon images, and the noise
level of AWGN can be estimated reasonably well in the SVD
domain. Comparing the estimate results of each image, we can
also see the efficiency of our technique has little to do with the
content of images. Our abundant tests show that from “flattest”
image to ordinary images with details and flat areas, and to
images that are rich of edges, the estimate results are of about
the same accurate.
In addition, changing the value of M has little influence on
the experimental result, as long as its value ranging from r4 to
4r
(512×512)
5 . Table IV gives the experimental results on Lena


with different M values (within the range of r4 , 4r5 ).
B. Performance Comparisons

IV. S IMULATION R ESULTS
A. Performance of the Proposed Method
The proposed method was tested on various types of images.
In our experiments on both cartoon and real-world gray
images, we calculate PM and P1M as the average of the
tail of singular values (the last 75% of singular values, i.e.,
M = (3r )/4).

We have compared proposed method with 3 existing methods. Figure 8 gives the simulation results. The X axis denotes
the noise level σ , and the Y denotes the noise estimation error
δ = σ̂ − σ .
Fig. 8(a) shows the comparison results with Method A
which is an algorithm combining filter-based and block-based
estimation algorithms proposed by Dong-Hyuk Shin and RaeHong Park recently [36]. It is a fast noise estimation algorithm
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TABLE II
M EAN σ̂ FOR 100 T ESTS
Noise

σ = 10

σ = 15

σ = 20

σ = 25

σ = 30

σ = 35

σ = 40

σ = 45

σ = 50

Peppers

10.14

14.99

20.19

24.74

30.02

34.80

39.80

44.79

50.02

Lena

9.91

14.94

19.97

24.82

30.02

35.15

39.90

45.00

50.23

Barbara

9.37

14.59

19.85

25.20

30.48

35.69

40.63

45.44

50.55

Cameraman

10.50

15.24

20.13

25.03

30.12

34.94

40.00

44.93

50.15

Cartoon1

9.43

14.35

19.29

24.21

29.69

34.40

39.62

44.82

49.67

Cartoon2

10.83

14.96

19.55

24.40

29.62

34.61

39.63

44.88

49.98

Blank

9.96

15.02

19.95

24.99

29.92

35.02

40.05

45.08

49.90

σ = 50

TABLE III
S TANDARD D EVIATION OF σ̂ E STIMATION FOR 100 T ESTS
Noise

σ = 10

σ = 15

σ = 20

σ = 25

σ = 30

σ = 35

σ = 40

σ = 45

Peppers

0.15

0.21

0.29

0.30

0.44

0.46

0.58

0.57

0.67

Lena

0.17

0.18

0.30

0.34

0.41

0.47

0.52

0.60

0.64

Cameraman

0.19

0.23

0.26

0.34

0.36

0.51

0.67

0.69

0.81

Barbara

0.14

0.19

0.28

0.36

0.42

0.48

0.60

0.59

0.66

Cartoon1

0.14

0.21

0.27

0.34

0.47

0.47

0.55

0.62

0.65

Cartoon2

0.19

0.23

0.34

0.38

0.40

0.51

0.52

0.65

0.62

Blank

0.14

0.16

0.18

0.22

0.33

0.40

0.47

0.51

0.56

TABLE IV
E STIMATION R ESULTS W ITH D IFFERENT M
Noise

σ = 10

σ = 15

σ = 20

σ = 25

σ = 30

σ = 35

σ = 40

σ = 45

σ = 50

M = 128

9.92

15.12

20.10

25.13

30.11

34.91

40.14

44.89

50.21

M = 192

9.97

14.89

19.95

25.11

30.13

35.21

40.22

45.23

50.16

M = 256

9.90

14.95

19.96

24.83

30.06

35.09

39.91

45.10

50.24

M = 320

9.87

14.89

20.16

24.84

30.07

34.90

39.87

44.99

50.13

using a Gaussian filter. In order to estimate the amount of
noise, images are split into a number of blocks and smooth
blocks are selected. The standard deviation of noise is computed from the difference of the selected block images between
the noisy input image and its filtered image. Method A works
well only when σ < 15. So we compare the estimation results
in cases when σ ≤ 15. The estimation results of Method A
are extracted directly from [36]. We get our estimation results
in Fig. 8 (a) by exactly the same test method as [36]: in
experiments, the median of estimated noise standard deviations
with 50 simulations for each case is our estimation result.
Fig. 8(b) gives the comparison results with two wavelet
domain methods. Method B is a currently widely-used estimating method proposed by D. L. Donoho and I. M. Johnstone
[23], which depends on wavelet coefficients of noisy image.
The approach estimates σ as (3). We can see that this method
gives good estimates for large noise cases, but overestimates
the noise for small noise cases, as shown in Fig. 8(b). Method
C is an up-to-date modified algorithm in wavelet domain
[40]. Compared to Method B, it improves the precision of
estimation in situations of low noise. We have implemented
Method B and C. In our simulation, the same test procedure
as [40] is performed: 1200 natural images are tested, and
AGWNs of level from 10 to 50 are added to each image. The

estimation results are the average estimation results of each
image.
From Figure 8 we can see that the proposed method overall
outperforms the most widely-used and the most up-to date
existing methods, and it can estimate the noise level accurately
on both smooth and detailed images.
However, the proposed method is outperformed by Method
A on image Baboon when noise level is low. The reason
for lower performance at low noise level is that, when noise
level is low, the tail of singular values used for performing
estimation may be dominated by both noise and image signal,
especially for images of high activity. This will affect the
estimation accuracy. One possible solution is to choose an
adaptive length of the tail of singular values, so that all the
chosen singular values are dominated by noise. This will be
our further research.
C. Three Criteria for Noise Estimators
In [38], three criteria: accuracy, reliability and stability, are
proposed for evaluating noise estimators. In terms of accuracy
and reliability, [38] used the same quality measures as those
suggested by Amer and Dubois [51]. Average estimation error
and the average variance of estimation errors are used as the
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(a)

(a)

(b)

(b)
Fig. 8.
Performance comparison of the noise estimation methods.
(a) Comparison with Method A. (b) Comparison with Method B and C.

(c)

measures.
E i,n

L
1  ˆi,n
=
|σ (l) − σ i,n (l)|
L

En =
σ En

2

1
NI

l=1
NI


E i,n

(29)

(30)

Fig. 9. Comparison based on three criteria. (a) Comparison of accuracy.
(b) Comparison of reliability. (c) Comparison of stability.

image and the same noise level). In terms of this aspect, [38]
propose the following quality measure:

i=1

NI
1 
2
E i,n − E n .
=
NI

(31)

σ̂ i,n =

L
1  i,n
σ̂ (l)
L

i=1

In above Formulas, super- and subscripts i represent the
index of the test images, and n denotes the simulated noise
level. For each image at each noise level, the simulation is
repeated L times and l is the index of these repetitions. N I is
the total number of test images The average estimation error
of the L simulations for image i at noise level n is E i,n . The
overall average estimation error at noise level n is En. For a
good estimator, this value should be as small as possible. The
overall average variance of estimation errors at noise level n
is σ En 2 . For a good estimator, this value should be as small
as possible.
Stability of a noise estimator means that the results should
be close to each other under the same settings (e.g., the same

VLn =

1
NI

l=1
NI

i=1

L
1  i,n
σ̂ (l) − σ̂ i,n
L

(32)
2

.

(33)

l=1

In above Formula, VLn is the overall average variance of estimated noise deviations at noise level n.
For a good estimator, the value should be as small as
possible.
We made performance comparisons of proposed method
and the method proposed by [38] based on the three quality
measures defined above; E n and σ En 2 show the accuracy and
reliability of the method for different types of images, and VLn
denotes the stability of the method. Twenty different 512×512
images are included in our simulation (including blank image,
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ordinary images with details and flat areas and images rich of
edges). In real-world, typical noise levels are within range 3
to 25 [38]. Therefore, we choose to run simulations at noise
levels of range 1 to 30. The simulation for each image at
each noise level is repeated 10 times. i.e., L = 10. Figure 9
shows the overall performance comparisons between Method
D (the reference method in [38]) and the proposed method.
2 parameters of reference method need to be set. We choose
optimal choice: P = 10% and Wb = 5. We can see that
the proposed method achieved overall better performance.
However, like most noise estimators, when noise level is lower
than 10, the performance of proposed method is somewhat
unsatisfying. During the procedure of estimation, the tail of
singular values is used as the data basis for noise estimation,
as mentioned in part I, it is dominated by noise. At low
noise circumstance, the image details may be relatively strong
especially for images rich of edges. As a result, the estimate
results based on the tail of singular values may not be accurate
and stable. That is to say, when noise level is below 10, the
efficiency of our technique is related to image content, the
estimation error increases for images with strong structure.
We can also see this from Fig. 8(a).

been less explored for noise estimation in images. In this
paper, we have firstly shown how to infer the noise level
according to image singular values out of SVD, due to the
fact that the influence of signal and noise can be separated
well in the SVD space. In addition, we have proposed to
add new noise (and therefore, known noise) to images to
be estimated, and analyze the change of singular values in
order to determine the content related parameter in the model
(so that the proposed method can be applied to any kind
of images). Our simulation results show that the proposed
approach outperforms the relevant existing estimation methods
over a wide range of visual content and noise conditions.
Experiments results demonstrated that the proposed algorithm
can determine noise levels better.
Noise level estimation is useful for many computer vision
and other image processing algorithms that require knowing
the noise level beforehand. Examples of algorithms requiring
noise level estimates include motion estimation, denoising,
super-resolution, shape-from-shading, and feature extraction.
Automatically inferring the image noise level and taking it
into account in the algorithms that follow are important and
meaningful in such algorithms and systems. The proposed
and image processing algorithms better-grounded and more
reliable.

D. Computation Complexity
In order to estimate noise level, we need to apply SVD
to the full image twice. Therefore, the complexity of the
proposed method is a very important issue. We implemented
our methods on a personal computer running Windows 7
Enterprise with one 2.4 GHz Intel Core(TM)2 CPU and 2
Gbytes of main memory. The average execution time for
512×512 images is about 0.9 s. If we design parallel computer
programs, the memory requirement will be double, since two
images have to be stored. If serial programs are designed, we
only need to prepare memory for storing one image.
Among all the estimation algorithms, block-based algorithms are the simplest with the worst estimation accuracy. The
main computation of the filter-based estimation algorithm is
for convolution. The standard computation time for convolving
a k × k window of weighting coefficients with an m × n image
is O(m × n × k 2 ). The main computation of the transformbased estimation algorithm is for the transform part, i.e. DCT,
DWT, SVD. The standard computation time for a DWT of
an m × n matrix is O(m × n). The standard computation time
for a SVD of a dense m × n matrix is O(m × n × mi n{m, n}).
With the developments of fast SVD ([52], [53]), the CPU time
for fast SVD can be reduced by 56∼99%. Furthermore, if
we tessellate the noisy image into blocks with fixed size, the
computation time for block-based SVD will be O(constant)
without jeopardizing estimation accuracy. Tessellating noisy
image into blocks, applying SVD on selected blocks, and
estimating noise level based on Block-SVD will be our further
research for implementation efficiency. In this manuscript, we
have had our emphasis on demonstrating the effective use of
SVD for noise level estimation.
V. C ONCLUSION
Singular Value Decomposition (SVD) has been a basic
tool for signal processing and analysis for long, but has
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